Patients with scotomas due to macular disease may use more than one preferred retinal locus (PRL) for fixation. We have developed and evaluated an objective, quantitative technique to determine the number of PRLs used during an episode of fixation and the extent of each locus. In five of eight adults with macular disease our techniques consistently indicated the presence of multiple PRLs. Patients with multiple PRLs were more likely to have suffered recent vision loss in the tested eye. Our technique describes fixation more fully than the traditional method of calculating a single bivariate contour ellipse area.
Introduction
Patients with central vision loss due to macular disease are less able to hold steady fixation than those with good foveal function (Culham, Fitzke, Timberlake, & Marshall, 1993; Schuchard & Raasch, 1992; Steinman, Cushman, & Martins, 1982; White & Bedell, 1990; Whittaker, Budd, & Cummings, 1988) . Assessment of fixation stability has been performed by many research groups interested in visual function in macular disease (Kosnik, Fikre, & Sekuler, 1986; Schuchard & Fletcher, 1994; White & Bedell, 1990; Whittaker et al., 1988) .
Fixation stability has traditionally been quantified by calculating the area of an ellipse which encompasses fixation points for a given proportion (P ) of eye positions during one fixation trial. This area is known as the Bivariate Contour Ellipse Area (BCEA) (Steinman, 1965) . A smaller BCEA correlates to more stable fixation whereas if the eye ''wanders'' more then the BCEA will be larger. An example of a bivariate contour ellipse fitted to 10 s of fixation data in a subject with normal vision fixating a circular target (as described in Section 2 below) is shown in Fig. 1 . The BCEA is 553 minarc 2 , consistent with data collected for subjects without disease in our laboratory (Crossland & Rubin, 2002) .
Patients with central scotomas from macular disease use a preferred retinal locus (PRL) by viewing targets eccentrically rather than directly (Culham et al., 1993; Fletcher & Schuchard, 1997; Fletcher, Schuchard, & Watson, 1999; Schuchard, 1995; Schuchard & Fletcher, 1994; Schuchard, Naseer, & de Castro, 1999; von Noorden & Mackensen, 1962; White & Bedell, 1990; Whittaker, Cummings, & Swieson, 1991) . Further, some authors have reported patients using two or more PRLs for fixation during one trial (Duret, Issenhuth, & Safran, 1999; Lei & Schuchard, 1997; Whittaker et al., 1988) .
For the purpose of this study, our operational definition of a preferred retinal locus is ''a circumscribed retinal area, used for fixation of a target for P 10% of the duration of a trial. '' If fixation is divided between multiple retinal areas then quantifying fixation stability using the BCEA technique can underestimate patients' fixation ability. For example, if the patient exhibits good fixation in two closely circumscribed areas, calculation of a ''global'' BCEA would indicate very poor fixation whereas fixation may be relatively stable within the two locations.
Whittaker and co-workers defined subjects as displaying multiple fixation loci by assuming an arbitrary maximum area for each PRL of 3°· 3° (Whittaker et al., 1988) . This technique could overestimate fixation stability if the eye was drifting over a wider area without discrete loci being present. Other researchers have observed the retina during fixation but have only described multiple PRLs when very different areas of the retina were used for fixation (Duret et al., 1999; Lei & Schuchard, 1997) .
In order to determine how many loci are present within one fixation trial, a test for multimodality is required. Formal statistical tests for detecting the number of multiple components exist (Titterington, Smith, & Makov, 1985) , however they require the distance between the components to be large. An informal test such as the kernel density estimator (see Appendix A) can allow the number of components to be visually determined from a contour plot of the kernel density estimates.
We have developed a technique to calculate the number of PRLs during one set of fixation data and use an iterative process to determine the characteristics of each of these PRLs. We show that assigning a number of ''local'' BCEAs can describe data from these sorts of experiments more completely than one global BCEA can.
Method

Patients
Eight patients with macular disease and macular scotomas demonstrated on the Amsler test, were recruited from the Medical Retina and Low Vision clinics at Moorfields Eye Hospital in London. The Amsler test is not very sensitive to detecting the presence of macular scotomas (many false negatives, Schuchard, 1993) but it is reasonably specific (few false positives). Furthermore, the presence of a macular scotoma was subsequently verified with a scanning laser opthalmoscope. Only those with non-treatable macular lesions, or those who had already had medical or surgical intervention, were included in the study. Exclusion criteria included diabetes mellitus, a history of psychiatric or neurological disease and ocular comorbidity other than visually insignificant cataract. The second eye to be affected was measured in recent onset cases. In long-standing macular disease the eye with the better acuity was used.
The study followed the Declaration of Helsinki and was approved by the Moorfields Eye Hospital ethics committee. Patients gave their informed consent prior to entering the study.
Assessment of fixation stability
Patients were asked to fixate a round, black target of 3°diameter with an 18 0 white central detail displayed against a white background on a computer monitor (Trinitron GDM-F500R, Sony, Japan). The background screen luminance was 125 cd/m 2 , resolution was 800 · 600 pixels and the refresh frequency was 85 Hz. The target was displayed for a period of 10 s.
Eye position was measured with an SMI gazetracker (SensoMotoric Instruments, Germany) using Eyelink software (version 2.04). This eyetracker consists of two infra-red cameras which are mounted on a headband and record eye position using the ''bright-pupil'' technique. A further camera tracks head motion with respect to infra-red emitters mounted in front of the patient at the corners of the video display. Compensation for head motion is made so that a real position of gaze can be calculated. Eye position is measured at a temporal frequency of 250 Hz and the manufacturers report a gaze position accuracy of <0.5°.
Calibration, drift correction and validation were performed prior to stimulus display using the algorithms provided for this purpose. Only trials where the calibration was categorised as ''good'' by the Eyelink software were included. Calibration is described as ''good'' when minimal nonlinearity exists when fixating different target positions (maximum ratio of gains ¼ 1.5:1 horizontally, 3:1 vertically (personal communication, SR Research, Osgoode, Canada)).
Although the eyetracker can measure both eyes independently and simultaneously, only data from the eye of interest was recorded. The contralateral eye was occluded.
Five practice trials were performed to ensure patient understanding of the task.
Data processing
The first second of data was discarded as it included eye movements whilst patients were finding the target on the screen. Although these data are of interest in terms of the number of saccades and speed with which a patient can locate a newly presented stimulus, it was felt that they would detract from pure stability of fixation measurements. Similarly data recorded during saccades (where eye movement exceeds 30°/s) were excluded. Recordings taken 0.25 s before and 0.5 s after the start of a blink were removed to avoid the vertical artefact which is elicited by lid movement with our eyetracker.
To ensure that we were not undersampling our data files excessively, the gazetracker was operated at the maximum temporal frequency (250 Hz) and only trials where more than 60% of data remained were used.
Statistical methods 1: calculation of a ''global'' BCEA
A ''global'' BCEA was calculated to encompass a given proportion of all fixation points, using the formula:
where r H is the standard deviation of point location over the horizontal meridian, r V the standard deviation of point location over the vertical meridian, and q the product-moment correlation of these two position components. The value k is dependent upon the probability area chosen (see Eq. (2))
where e is the base of the natural logarithm.
Therefore when k is 1, 63.2% of the fixation positions lie within this area.
Different authors have used different values of P , such as 0.63 (Kosnik et al., 1986; Steinman, 1965) , 0.68 (Culham et al., 1993; Nachmias, 1959) or 0.95 (Schuchard & Raasch, 1992) .
For the purposes of this study, fixation data have been calculated with a P value of 0.68 (k ¼ 1:14) in order to remain consistent with previous research performed in this laboratory. 
Statistical methods 2: determining the number of PRLs present
The kernel density estimator (KDE) was applied to the reduced data set using software written in S-PLUS (v4.5, MathSoft Inc., Cambridge, MA) by MS. The window width was set at the optimum level described by Bowman and Foster (1992) and a contour plot of the density estimates was produced using a 50 · 50 grid. Appendix A gives a more complete description of the KDE. An example of an ambiguous data set which is processed by the KDE is shown in Fig. 2. 
Statistical methods 3: determining the parameters of each PRL
After performing the KDE calculations, a mixture of component bivariate normal distributions was fitted to the data using the EM (expectation, maximisation) algorithm. The number of discrete peaks seen on the contour plot produced by the KDE was used as the number of components. The EM algorithm returns the estimated parameters of each bivariate normal distribution, the mean position and the standard deviation along the x and y axes, the correlation coefficient, a ''local'' BCEA for each locus (using Eq. (1)) and an estimate of the proportion of data which fell into each locus. The estimated parameters are those for which the log likelihood is highest. The algorithm calculates the value of the log likelihood and also the Bayesian information criterion (BIC) and the integrated classification likelihood (ICL-BIC) (McLaughlan & Peel, 2000) . These can be useful to aid model selection (for example to determine the number of components if this is not clear from the KDE plot). The whole process was performed ten times using different starting values in order to check that the estimates converged to the correct final values.
Mathematical properties of the EM algorithm are discussed in Appendix B.
Linear regression and ANOVA analyses used elsewhere were performed using JMP software (version 4.0.4; SAS Institute, Cary, NC).
Results
Patients
One patient (aged 44 years) had Stargardt disease, a juvenile macular disease. The other seven suffered from age-related macular degeneration (mean age ¼ 77.1 years, SD ¼ 9.21). Four patients (50%) were male. Duration of disease varied from three weeks to many years.
The best visual acuity recorded was near normal (0.04 logMAR (20/22)) whilst the worst was 1.30 logMAR (20/400). There was no clear relationship between VA and either age or duration of disease.
Global BCEA
Global BCEAs calculated for all subjects varied from 1150 minarc 2 to 21100 minarc 2 . No relationship was found between global BCEA and visual acuity (r 2 ¼ 0:19, p > 0:28) or age (r 2 ¼ 0:04, p > 0:6). However a highly significant difference was found in BCEA between those with recent vision loss (<4 months) and those with long standing macular disease (t ¼ 2:45, p < 0:001; Fig. 3 ).
Number of PRLs
The KDE was applied to all data. In three cases (TB, AP, HP) the contour plot produced by the KDE program indicated one discrete locus of fixation. However in the remaining 5 patients, the KDE indicated the presence of two or three different fixation loci. Fig. 4 shows the kernel plots produced for each data set.
A local BCEA was calculated for each component. In each instance the sum of these local BCEAs was less than the global BCEA, being on average 58% of the size of the larger, global BCEA. Results from the EM algorithm for the 5 patients with multiple PRLs are shown in Table 2 .
Visual acuity was moderately correlated with the number of PRLs (r ¼ 0:44). The correlation between acuity and sum of the local BCEAs was somewhat stronger, however neither correlation was statistically significant (p > 0:05). Due to the small sample size, a randomization test was also used to test whether visual acuity was related to the number of PRLs or sum of local BCEAs. These correlations was not statistically significant (Number of PRLs, p ¼ 0:28, 1000 randomizations; Sum of local BCEAs, p ¼ 0:10, 1000 randomizations). . Kernel plots for all of the subjects (except DP, whose plots can be found in Fig. 2 ).
Patients were divided into two groups (recent vision loss (less than 4 months) and long standing vision loss) and ANOVA was performed. The number of PRLs used was significantly associated to the duration of disease (t ¼ 2:45, p < 0:05).
A summary of all the results can be found in Table 1 .
Repeatability of the statistical techniques
For six patients, we repeated the analysis on another fixation trial (using the same target and conditions). We were unable to repeat analysis for patients DP and AP as we had only collected one set of fixation data at the visit. Table 3 illustrates the repeatability of the technique for the two trials for these five subjects. If the test is used to determine between a single PRL or multiple PRLs then perfect agreement is found between the two conditions. In one case there are a different number of PRLs elicited: for patient FG there are three PRLs in the first trial and only two in the second.
The sum of local BCEAs is well correlated between the two trials (mean decentration 23% ± 7%; Spearman's rho, r s ¼ 0:89, p < 0:05).
Discussion
We have applied novel statistical techniques to analyse fixation characteristics of subjects with macular disease.
Our results indicate that patients with newly presenting macular disease are more likely to display multiple PRLs, as defined by our statistical paradigm. Analysis of such patients' fixation data using a global BCEA would be inappropriate as the statistical assumption of unimodality would no longer be valid.
It is perhaps surprising that some of our patients display two or even three loci over a relatively short fixation trial. Earlier control experiments did not find an increase in the number of PRLs or BCEA magnitude in longer fixation trials of 30 s (Bellmann, Feely, Crossland, Kabanarou, & Rubin, 2003) .
Some patients (KB, DP) appear to split their fixation evenly across their multiple PRLs whereas others (RS, KD) rely on one location for the bulk of the trial. Other authors have found multiple PRLs only during a complex task such as reading (Duret et al., 1999) or when luminance is changed (Lei & Schuchard, 1997) . It could be that our statistical technique is more sensitive in detecting multiple loci than the methods used by other groups. Our findings agree with those of Whittaker, who reports that 39% of patients exhibit multiple PRLs (Whittaker et al., 1988) . Our technique is repeatable in finding the number of PRLs and the sum of the local BCEAs. 
Equipment considerations
Infra-red eyetrackers have not been widely used in the assessment of fixation stability; in general the scanning laser ophthalmoscope (SLO) has been the instrument of choice. Although the SLO allows visualisation of the retina, stimuli are limited to monochromatic, monocular images presented at a fixed viewing distance. We have previously shown fixation stability measurements with these two instruments to be linearly related, with larger BCEAs being recorded by the eyetracker, which we believe to be due to its free-head nature (Crossland & Rubin, 2002) . Van der Geest and co-workers found the same eyetracker to be comparable to a scleral search coil technique in the measurement of fixation position (van der Geest & Frens, 2002) . The scleral coil technique was used by Whittaker in their study of multiple PRLs (Whittaker et al., 1988) .
Limitations of the statistical technique
Because the EM algorithm is an iterative procedure, it is important to be aware of local maxima problems. These can cause the loci described by the EM algorithm to correspond poorly to the kernel plots. The statistical procedures we have used are quantitative, but not entirely automatic. When running the EM algorithm it was found to be important to compare the results it produced with the contour plot created by the KDE and to repeat the EM process with different starting values for the number of loci until the likelihood is maximised.
Calculation of a BCEA assumes that fixation points are normally distributed. Steinman (1965) found that small departures from normality occurred when examining the fixation behaviour of normally-sighted observers and concluded that ''by and large, the area of a bivariate normal ellipse seems to be a good approximation when used to measure the variability of the fixating eye about its mean position.'' It is generally accepted that the BCEA provides a useful summary of normal fixation data. However, multimodality is a more critical departure from the assumptions of a global BCEA than is non-normality. If the fixation data for patients are truly multimodal, as our analyses suggest, then the local BCEA will provide a better approximation than a global BCEA.
The selection of the window width is critical in determining the number of PRLs present. By changing the window width, data can be over-or undersmoothed. The window width which we use has been described as optimal for a range of distributions by Bowman and Foster (1992 , 1993a , 1993b and has been adopted by several computer based statistics packages, such as Matlab (MathWorks, Natick, MA). Fig. 5 compares a dataset which is smoothed by our optimal window width and by larger values. It can be seen that by manipulating the window width, more or fewer PRLs are determined. Further research is required to confirm the selection of window width which we are using is ideal. The window width has no effect on the EM algorithm. As different starting values were input into the EM algorithm and the most likely fit was taken, the final result will not be biased by the selection of window width.
Although we have shown that the position of gaze can fall within multiple loci in our patients, we do not know that the patient can see the target at all times. Indeed it may be that when two gaze positions are found using this technique one corresponds to the non-seeing foveal centre and the other to a healthy retinal area.
It is also possible that our technique is finding individual clusters of localized drift areas within one large PRL rather than true multiple loci. However, as the separation between our PRLs is of the order of 20-40 0 (whereas typical drift amplitudes are around 2-5 0 , Carpenter, 1988) and our technique is repeatable with regard to the number of clusters present, we believe that the KDE is determining truly different PRLs.
Duration of disease
Although we do not have enough data to state unequivocally that the number of PRLs diminishes with time, it appears that patients with long-standing macular disease display fewer PRLs than those with newly presenting disease. This is of great interest to those working in vision rehabilitation for patients with macular disease. It is tempting to hypothesise that, over time, patients will progress from having many PRLs to having just one, or that the multiple PRLs will coalesce into one larger locus of fixation.
If fixation characteristics do indeed change with time then this may explain the difficulty in correlating visual acuity with the properties of the PRL; if these patients were all at the same stage in their rehabilitation then perhaps a stronger correlation would exist. A prospective, longitudinal study is indicated to further investigate the development of fixation with time.
Conclusions
Our techniques introduce some objectivity into the assessment of fixation patterns and use less arbitrary guidelines for multimodality than previous techniques. In some circumstances it is not necessary to use such elaborate statistical tests as those described here, but in other cases it is difficult to group fixation points into neat clusters. For ambiguous data sets the quantitative technique we have described is useful to determine whether patients with macular disease use one or many PRLs. We have shown that our technique is repeatable within a subject.
With further development, we expect the kernel density estimator and expectation, maximisation algorithms to become of great benefit for researchers interested in visual behaviour in macular disease.
where h denotes the full set of parameters p j , l j , R j for j ¼ 1; 2; . . . ; k.
The EM algorithm treats z 1 ; . . . ; z n as missing data. It is an iterative procedure consisting of two steps, E (Expectation) and M (Maximisation).
B.1. The E-step
The E-step calculates the expectation of the complete data log likelihood with respect to the missing data given the observed data y and current parameter values h. The log likelihood is linear in the z ij so the E step simply replaces z ij by their expected values p ij given y and h. Thus: p ij ¼ Eðz ij jy i ; hÞ ¼ p j f j ðy i ; l j ; R j Þ P k j¼1 p j f j ðy i ; l j ; R j Þ ; j ¼ 1; . . . ; k; i ¼ 1; . . . ; n ðB:2Þ p ij is the posterior probability that an individual with observed value y i belongs to component j (for given h).
B.2. The M-step
The M-step maximises ' C ðhÞ with z ij having been replaced by p ij . The parameters that maximise ' C ðhÞ can be written down explicitly:
p ij ; j ¼ 1; . . . ; k ðB:3Þ
p ij y i ; j ¼ 1; . . . ; k ðB:4Þ
p ij ðy i À l j Þðy i À l j Þ T ; j ¼ 1; . . . ; k ðB:5Þ
These give updated estimates of the parameters h in the iterative procedure. Eq. (B.3) estimates the mixing proportion p j , as the average of the posterior probabilities p ij of all n observations for component j. Eqs. (B.4) and (B.5) calculate the weighted average of the n observations and the weighted sample covariance matrix respectively, both using weights of p ij . Before applying the EM algorithm, initial values for the parameters h ð0Þ are assigned. The E and M steps are then repeated until some stopping criterion is met. The stopping criterion is based on the relative change in the log likelihood 'ðh ðkþ1Þ Þ À 'ðh ðkÞ Þ and (BCEA) ðkþ1Þ -(BCEA)
ðkÞ at each iteration (k ¼ 1; 2; 3; . . .). The program stops when the log likelihood is less than 10 À4 and the BCEA is less than 10 À3 . The maximum number of iterations is set at 200. Throughout the E, M process 
